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CTriangIE Proportionality Theorems WGFI{ShEE't)

Using the proportionality theorems, find the value of X'
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5| Use the figure to complete the proportion
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The Five Circles Theorom ( Jacabs, Page 568)

Theorem. Chiven a quadnlsteral ABCDY insoribed ina circle, draw diagonals AC and BID). Then
constrsct ihe inscribed circles of sABC ., JBCD . 2ACD , and s ABD amd label their centers E,
F. (i, and H as i the deagram below,

Peter Rene, an edior of Jacobs' book, Geometry: Seving, Doing, Doaderstonding Thind Edinion,
challenged me to produce a prool of this resull that is more elementary than the one suggested by
Facobs in the Feachers Guide, which makes use of reflections. 1 found one which does nol
depend on transformational methods and depends only results commonly taught in a firs) course
i geoimelry.

Im whan follows, | present the prood and also discuss bow | used Geometer™s Sketchpad o help
discover the prood,

Farst. | used Sketchpad to construct the diagram, take measurements. amd totally conviece myself
that the centers of the four inscrbed circles indeed form the vertices of a reclangle. Next, 1o
simipdify the diagran, | lef oot the inscribed circles, because ihe result only refers 1o their
cembers, which are determined as the intersections of angle bisectonrs.

The diagram:

Exam-style question 9

The diagram shows a circle with centre O. The points — Disgram NOT aceurely drawn

P, Q. R and 8 are on the circumference of the circle.

a
ZPOR = 120°, ZOPQ = 28", and £ORS = 60° i
a) Work out the valuc of x. You must give a reason A

for your answer. %

' Ly,
ort € of y. You must give a reas
or
ive a reason
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Radio}) \\ \ Therefore P & = \ Text {38} \ Text {°® °} and \\ R & = \ text {90} \ text ° ° °} and (\ angle \ text {in semi-circle}) \ end {array} \]\ (or ) is the center of the circle and \ (SPT ) is a tangent, with \ (op \ perp St\). Close \ [\ Begin {array} {rLL} A & =\ text {33} \text {A ° °} and (\text A ° A °} & (\ text A © tangent-chord})\\ B & = \ text
{33} \text {4 ° 4} & (\ text {altline}) \\\ thusi & =\ text & \\j & = \text {101} \ text {° °} & (\ text {tangent-chord}) \\k =i & =\ text {40} \ text ° °} (\ text {tangent-chord}) \ end {array} \]\ [\ begin {array} {rLL} n & =\ text {34} \ text ° ° °} & (\ text {tangent-chord }) \\ 0 & =\ text {180} \ Text {A ° A °} -\ text {90} \ text {A ° °} -\ text {34} \
text ° ° °} and (\ Text {Hagules sum} \ triangle) \\ \ therefore O & = \ text {56} \text {A ° 4 °} and \\m & = \ text {56} \ text {A ° A °} & (\ text {tangent-chord}) \ end {array} \]\ [\ begin {array} {rLL} q & =\ text {52} \text ® °} & (\ text {tangent- CHORD}) \\ p & = \ text {90} \ text {° °} -\ text {52 \ text A ° °} & (\ text {tangent perp. This is
shown below. Circle Theorem 4, Ben Cairns , Studysmarteto shows that opposing harshumes add up to 180 °, then we must show X + Y + Z + T = 180 °. The Angles in a quadrilate sum at 360 °. This meansthat Z+ Y+ Z + T+ T + X + X + Y = 360 °. This can be simplifiedto2 X+ Y+ Z+ T)=360A°, SOX+Y+Z + T = 180 A ° .qedTheorem 5:
Alternative segment TeoremSupspose We draw a tangent to a circle. sec.}) \ end {array} \] Let's see each of the theorems of the circle, and then its tests. Then we will see how to apply these theoremas.Theorem 1: The angle in a semicircle is the theorem of this circle. It is illustrated below. It is affirmed that for any triangle inscribed inside the circle
with all the points that touch the circumference and the As a diameter, then the angle opposite the hypotenuse will be on the right, the cracmer theorem 1: the angle in a semicircle is 90 °, Ben Cairns, StudysmarterProompletete, we draw a line down From the angle opposite the hypotenuse to the center. This will mean that we have divided the
triangle into More triangles, every isissceles, with two sides of length R (we use R to denote the length of the radius). This means that each triangle has two Angles that are the same. We can draw this below: Cryculo Theorem 1 Test, Ben Cairns, StudysmarTerlooking in the biggest triangle, we know that 2x + 2y = 180 A °, since the hangles must add
to 180 ° 2x + 2y = 180 A °, Continue A A 4, = ", it is divided by two A ¢ =" than x + y = 90 °. The angle to the circumference is given by x + and, and therefore, the angle is angle right. Qedtheorem 2: The angle in the center is double the angle in the circumference , the angle subtended by an arc in the center is twice the expressed angle to the
circumference. This is displayed below. What is important to keep in mind is that it does not matter where it is the point in the arc, whenever it is between the two unmarked Angles. Ilnes}, AP \ parallel BC) \\ \ Text {thus} A\ HAT {P} B & =\ HAT {A} 2 ABC & \\\ text {thus} AB & \ text { It is a tangent for CRatts} ADP & (\ Angle \ text {between
LINE CHORD} =\ Angle \ text {in Alt. sec.} \]\ (AB) is a tangent to the circle \ (ADP \). If this It happens, the theorem will remain. The angle in the center is bending the angle in the circumference, Ben Cairns-StudysmarterPrompiRidete builds the same shape, but now it also builds a line of the point 'x' Center. This gives us two isissceles triangles
with two sides of length r, and two sides of the same length. We will also have two Angles in every isissceles that are the same. We will label each angle, as shown Below.Circle Theorem 2 Test, Ben Cairns-Studysmarterto demonstrates the theorem, we must show that 2 (A + B) = C.un of the facts there are 180 ° in a triéne and 360 ° around a point ,
we can form three equations: 2A + Z = 180, 2B + T = 180 and Z + T + C = 360 °. We can reorganize the first equation to z = and reorganize the second equation at t = 180 A ° -2b. Now we can replace these equations in the third. third. To get 180 ° -2a + 180 ° -2b + ¢ = 360 °. This is simplified to C-2A-2B = 0, which can then be simplified more
than 2 (A + B) = C.qedtheorem 3: The Angles of the same chord in the same segment are equal. We have two triangles within a circle with the three corners that touch the circle, and the triangles share one side (also known as a common chord), the third angle is the same in both triangles . , as long as these third Angles are in the same segment. This
is shown below.Circle Theorem 3, Ben Cairns, StudysmarterProoflet USA UU first begins when drawing another triangle sharing the common chord, however, this time we will connect the line to the center. . A ngulos,} op \ parallel SR) \ end {array} \]\ [\ begin {array} {rLL} F & = \text {38} \ text A ° °} & (\ text {tangent- AGOR})\\ G & =\ Text
{47} \ Text ° ° & ° ul & (\ text {tangent-chord}) \ end {array} \]\ [\ begin {array} {rLL} \ hat {O} 1 =\hat {gq} 1 & =\text {66} \text ° °} and (\ text {isissceles, tangent-chord}) \\\ thus L. & =\ text { 180} \ Text {A ® A °} - 2\ Times \ text {66} \ Text {A ° A °} & (\ text {angles SUM} \ triangle) \\ & = \ text {48} \text { A° A °} &\ end {array} \]\
[\ begins {array} {rLL} i & = \text {180} \ text {° °} -\ text {101} \ text {° A °} - Two corners of the triangle are also found in the circle. In this case, the angle between the tangent and the triangle. It is equal to the adjacent angle in the triangle. This is shown below .Cirle theorem 5, Ben Cairns, Studysmartero demonstrates that you only need to
show this on one side, since it does not matter what the triangle we chose. The equal sides}, ab = AC) \\\ thus \ hat {a} 1 & = a\ hat {b} ¢ & \\ text {thus,} pal & \ text {is a A Cryculo} ABC & (\ Angle \ Text {Between Line Chord} = \ Angle \ Text {in Alt. We can rewrite our first equation as x = 90 A A - A, and then replace this to the second
equation, to obtain 90 A ° -A + Y + Z = 90 °, that we can reorganize reorganize = Z + and this was our goal.geexamples of the use of the theoremsfind x circle. By our theorem 2, we know that the Boc angle will be 2 * 70 ° = 140 °. The line Od Besecienta this angle, we know the DOC angle is 70 °. AC is a radius, and DC is a tangent in C, then OC is
perpendicular to DC, and also the OCD angle is 90 °. This means that we can now find x. Angles in a triangle sum at 180, we have 90 ° + 70 A° + x = 180 A °, giving x as 20 A ° .x + y + z = 260. Again, we have created three tria Isissceles ngles "All with a pair of corresponding {RLL} \ HAT 1 & = A\ HAT {A} B & (\ text {alt \ [\ [\ Begin {array}
{rLL} A & = \text {90} \ Text {A ° A °} -\ text {64} \ theorem 2, y = 2x, and by cyclical quarters, we obtain x + z = 180 °, which can be reorganized to z = 180 A ° - x. Then, we can fill them in our original equation, to get x + 2x + 180 - X = 260. Drag the declarations that tested the theorem in the correct order. This is simplified at 2x = 80 °, giving
x =40 °, theny = 80 ° and z = 140 A ° .Theorem 6: Tangent from one point to a circle are the same overposed aspects. We draw a circle and choose any circle and choose some point in the same plane as the circle, provided that The point is outside the circle. Then, we can draw two tangent lines from the point to the circle. In addition to this, the
distance from the point to the circle will be the same, in both cases. Thessant of Cryculo 6, Ben Cairns-Studysmartereroso In this case, the distance AP is the same as the distance aq.prooflet. EE UU Pitagoras, Ya We have straight angle triangles. This gives us and equate the two expressions for, we arrive at: the length is always positive, so the
negative solutions are ignored .Theorem 7: A radius that is is Through a chord divided the chord, we have any chord in a circle, and draw a line of the radius to the cycling limit, and this line is perpendicular to the chord. In this case, the radius will biserate the chord theorem. , Ben Cairns, Studysmarterlet USA UU Draw a line of O to M and also at
N.circle Theorem 7 Test, Ben Cairns, Studysmarter For this to be a bisection, we need to be the same length. Triangles in angle, then we can use the pythagoram theorem. The length is positive, then AM = An.qgedcircle Teorems - Key TakeAwaysKnow. What are the theorems of the seven circles and how to try them to learn how to apply these
theorems to the test level problems \ [\ begins {array} {rLL} \ hat {a} 2 & =\hat {b} 2 & (\ text {given}) \\\ text {and} to \ hat {p} B & =\ HAT {B} 2 & (\ text {alt. RADIUS}) \\ & = \ text {26} \text { A°4°} and \\ B & = \ text {64} \ text ° ° pul and (\ text {tangent cord}) \\ c & = 2 \ time \ text {64} \ text {A A ° °} & (\ Angle \ Text {in the
center} = 2\ Angle \ text {in circumcision}) \\ & =\ text {128} \ text A°A°\\\end {Array} \]\ (PAL ) is a tangent to the Circulo \ (ABC\). Ajnuli}, AP \ Parallel BC) \\ A\ HAT {C} B & = A\ HAT {B} C & (\ Angle \ text {s opp. As it goes from the circle to the center, this It means that this is a radius that means that we have created four triangles of
isissceles that have pairs of paired Angles. You can also try: This is a video playlist. This is displayed. Belly. X = 90 A °. The hangles in a tripe sum at 180 °, we know 2x + 2y + 2z = 180 °, so x + y + z = 90 °. We will call the angle between the And the triangle a. Do not wait until you have finished the exercise before clicking on the 'Verify' button. A a
ngulos} op \ parallel SR) \ end {array} \]\ [\ begin {array} {rLL} c & =\ text {72} \text A ° ° °} and (\ text {tangent-agrees }) \\ d d \ DFRC {\ Text {180} \ Text {A ° °} -\ text {72} \text A ° pl} {2} & (\ text {isissceles triangle}) \\ & = \ text { 54> Measure that works through the questions to see if they are answered correctly. Determine \ (A \), \ (B
\) and \ (c ), giving reasons. This is the same shape that is seen in The theorem 2, which means that we can invoke this theorem and call the 4x angle. This is shown below. Take theorem 3 test, Ben Cairns, Studysmarteras We have used the theorem 2, no matter where we place the angle X In the arc, which means that the theorem is now tested.
SetThorem 4: Opposite A Angles in a Crystal Quick Sum at 180 ° by ccolic quadrilateter, we refer to a form of four sides, all the corners of which they touch a cA curl When this happens, the opposite corners in the quadrilateral will be added to 180 °. Theorem 4, Ben Cairns, Studysmarterin this case, we would have + ¢ = 180 °, as wellas B + D = 180
°. Computer. Draw a line from each corner to the center. hub.
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